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Abstract ‘ The paper is concerned with a relativistic generalization ol a sm^ile one>diinensional model of the field emission microscope studied 
non-relativistically by M Stcslicka The bulk potentials are representeil by Avoiding the normalization problem, we derived the exact energy
expression for virtual surface states by following an approach due to Stcslicka, Davison and Roy and Roy. We have carried out some quantitative 
explorations of out numerical results and discussed critically these investigations in the light ol corresponding nonrelativisiic findings
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1. Introduction
V irtual su r fa c e  s la te s , i.e. S u r fa c e  S ta le s  (S S )  in  th e  p re s e n c e  o f  
an e x te rn a l n e g a tiv e  e le c tr ic  f ie ld  h a v e  g a in e d  c o n s id e ra b le  
im p o rta n c e  d u r in g  a b o u t th e  la s t d e c a d e . T h e  p io n e e r in g  w o rk  
in th is  a re a  is th a t d u e  to  D a v is o n  et al[\]  a n d  th e  su b s e q u e n t 
w ork  w as th a t d u e  to  S tc s lic k a  a n d  P a rk a l [2]. A ll th e se  tre a tm e n ts  
w ere  c a rr ie d  o u t n o n rc la tiv is tic a lly . P^or so lid s  w ith  h e a v y  a to m s, 
the  s u r fa c e  s ta le s  (a s  w e ll a s  b u lk  s ta le s )  re q u ire  to  b e  tre a te d  
re la tiv is lic a lly . S e v e ra l a u th o rs  c a r r ie d  o u t re la tiv is tic  [3 -7 ] w o rk  
c o n s id e r in g  th e  s c n i i- in f in i tc  c ry s ta l  m o d e l . T h e  p u rp o s e  o f  th e  
p re sen t p a p e r  is  to  re p o r t  a  re la t iv is t ic  tr e a tm e n t a s s u m in g  a  
s im p le  o n e -d im e n s io n a l  m o d e l  a p p lic a b le  in  th e  f ie ld  e m is s io n  
m ic ro sc o p e  s tu d ie d  b y  S tc s l ic k a  a n d  P a rk a l [2 ]. T h e  a d v a n ta g e s  
o f  o u r  m o d e l a re  th e  fo l lo w in g  : w e  a v o id  th e  n o rm a liz a tio n  
p ro b le m  in  a  n a tu ra l w a y  a n d  in  a d d it io n , w e  d e r iv e  th e  e n e rg y  
e x p re s s io n  fo r  v ir tu a l S S  in  a n  a n a ly t ic a l fo rm . O u r  tr e a tm e n t is  
b a sed  o n  an  a p p ro a c h  d u e  to  S tc s l ic k a  a n d  D a v is o n  [5].
2. Tliemodel
W e a ssu m e  th a t th e  f ie ld  e m is s io n  m ic ro sc o p e  ca n  b e  re p re se n te d  
by a  s im p le  m o d e l s h o w n  in  F ig u re  1 , T h e  b u lk  p o te n tia l  is  
e x p re s se d  b y  5 -w e lls  (a t tra c t iv e ) .  T h e  p o te n tia l  m o d e l is
V { x ) - V ^ -  F.x , fo r  {)<x<(L (2)
V { x ) ^ ( - p / a ) ^ S ( x  + na)^ fo r
w h e re  th e  c ry s ta l  p o te n tia l  /z, a a n d  v re p re se n t th e  c ry s ta l 5 ~ 
w e lls , th e  la t t ic e  c o n s ta n t a n d  th e  w o rk  fu n c tio n  re sp e c tiv e ly , F 
is  th e  in te n s i ty  o f  th e  a p p l ie d  f ie ld . H a r lr e e  a to m ic  u n its  





Figure 1. Model o f field em ission microscope. Crystal (a < 0) is 
represented by Kronig-Penny model and the screen ( r = d )  by infinitely 
high potential wall.
3. Wave functions in various regions
Region /  ; T h e  w a v c fu n c tio n  in  re g io n  I is to  b e  o b ta in e d  on 
th e  b a s is  o f  o n e -d im e n s io n a l  D ira c  e q u a tio n  [5].
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a x (3)
w h e re  =^{e-V(x)]{e-Vix)'^2mc^]
m =  res t m a ss  o f  th e  e le c tro n , c =  v e lo c ity  o f  lig h t, £ -  E -  fnc , 
E =  to ta l ( r e la t iv is tic )  e n e rg y  o f  th e  e le c tro n .
In  th e  re g io n  1, th e  w a v e  fu n c tio n  0 /  is g iv e n  by  |3 J
0 f  =  a , [ e x p { /p ( .v  +  a )}  +  e x p  { - / p ( x - f  « )} ] .c x p  ( i pa) ,  (4)
w h e re  Ay  ^ is g iv e n  by  S tc s lic k a  an d  T h a k k a r  [3]
Xfi ^ { \ - c x p  i ( p - ¥ p ) a } / { c x p - i i p - p ) a - ] } .  (5)
Region 2 : T a k in g  n o te  o f  V{x) g iv e n  by  (2 ), th e  e q u a tio n  to  




^ + ( C o  +  C,.v +  C 2 / - ) 0 „ = O , (6)
w h e re  C o = ( £ - V „ ) { ( e - V 'o )  +  2 C ’ } | c ^
C , = [ 2 f { ( K , - £ ) - C ' } ] | c ' ; C 2  = f V c ' .  (7)
T h e  v a lu e s  o f  a n d  C j , w ill be  in  g e n e ra l , be m u c h  la rg e r  th a n  
th e  v a lu e  o f  C^, e s p e c ia l ly  fo r  f ie ld s  w h ic h  a re  n o t to o  la rg e . 
H e n c e  ta k in g  =  0 , w c  ca n  re d u c e  eq . (6 ) to  th e  fo llo w in g  fo rm
-  + ( Q  + C |jc ) 4 > ,/  = 0  . (g)
E q . ( 8 ) c a n  b e  fu r th e r  re d u c e d  to  th e  fo l lo w in g  fo rm
d y ,
dz^
= 0 . (9a)
=  - C o - C , j c . (9b)
N o w  eq . (9 a ) is th e  w e ll-k n o w n  A iry 's  eq . 18]. T h e  gen era l so lu tio n  
o f  th is  e q u a tio n  is g iv e n  b y
d>„{z) = a2 Ai(z) + p2B,(z),  (10)
w h e re  A,(z) a n d  B,(z) a rc  A iry 's  fu n c tio n s .
A s  h a s  b e e n  d is c u s s e d  b y  S te s l i c k a ,  th e  o n ly  s o lu t io n  
re m a in s  f in ite  fo r  x  >  0  a n d  h e n c e  fo r  z >  0 , is Aj(z). T h u s , th e  
a c c e p ta b le  so lu tio n  o f  0 n  is  g iv e n  by
*P„iz) = «2Ai(z).  (11)
In addition (cf. Figure 1), the wave function at a: = cf (the screen 
of the Held emission microscope) is
^„ {d ) = 0. (12)
4. Equations for virtual surface state energies and existence 
conditions
F o r  th e  m o d e l o f  F ig u re  1, th e  b o u n d a ry  c o n d it io n  a tjc  =  0  is  
^ / ( A = 0 )  =  d > y y (z= S o )>  (13a)
dx ,_o  dz dx ,=() a '
F u r th e r  c o m b in in g  (4 ) , ( 8 ) a n d  (1 3 ) , w e  h a v e  th e  fo llo w in g  
r e s u lts  c o r re s p o n d in g  to  5 -w c ll  p o te n t ia ls  in  th e  b u lk  re g io n s
e x p  (ifia) =  c o s  I  +  (s in  (^ / ^ )  +2P)
-  ( d z 'w h ere . ^  =
i4,(C o) \  dx h
(14)
(15)
N o w  fo r v ir tu a l s u r fa c e  s ta te s , th e  w a v e  v e c to r  *p ' tak es  
c o m p le x  v a lu e s  a s  fo llo w s  |9 J .
p ^ ( n n ) l Q ’^ -S ; 5 > 0 ;  n is an y  in teg e r. ( 16)
T h e  r e la tiv is t ic  d is p e rs io n  r e la t io n  (K ro n ig  P e n n y )  fo r  the 
b u lk  (p e r io d ic )  re g io n  is  g iv e n  by  :
cos pa  =  c o s  ^  ~  F .( s in (17)
C o m b in in g  (1 4 ) , (1 6 )  a n d  ( 17 ) w c  g e t th e  re la tiv is t ic  v ir tu a l 
s u r fa c e  s ta te  e n e rg y  (S S E )  e q u a tio n  o f  th e  m o d e l o f  F ig u re  1
^ c o t ^  =  - { ^ ^ + T 7 « „ ( q « „ - ( - 2 F ) } / 2 F , (18)
T o  d e r iv e  th e  e x is te n c e  c o n d it io n  fo r v ir tu a l s u r fa c e  s ta te s , 
w e  f irs t n o te  th a t b y  c o m b in in g  e q u a tio n s  (1 4 )  w ith  (1 6 )  and  
(1 7 ):
( - l ) ” s in  /t ( r t 5 ) = ( s i n  ( J / ^ H P  +  rjyf^,). (19)
N o w  s ig n  (s in  ^  /  ^ )  =  ( - 1  fo r  5 -  w e lls .
W h e re , nn < ^ < { n ^ \ ) 7t (20)
A c c o rd in g  to  S te s l ic k a  [31 a n d  R o y  a n d  R o y  [61, w c  g e t th e  
re la tiv is t ic  e x is te n c e  c o n d it io n
( P  +  rjy^a) < 0  fo r  5 - w e lls .
5. Non-relativistic cases
(21)
O u r re la tiv is t ic  re s u lts  ( 18 ) an d  (2 1 )  re d u c e  to  th e  n o n re la ti v is tic  
o n e  u n d e r  th e  u su a l l im it  c; ©o :
1^ 0cot (^ 0 =(*~^o/2p)-[(7])yvy^a{(T7)yv/fa + 2p}j/2p (22)
{(^)yvw^ 4- < 0 tor 5 ’ wells. (23)
E q u a tio n s  (2 2 )  a n d  (2 3 )  to g e th e r  e x p re s s  th e  n o n re la tiv is t ic  
re s u lts  o b ta in e d  b y  S te s l ic k a  [2J fo r  th e  m o d e l o f  F ig u re  1 .
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6. Conclusion
In order to compare our relativistic and nonrelativistic results of 
S icslicb and Parkal with findings of Davison et al \ \\, we 
calculated the dependence of RSS energy e and NRSS energy R 
on the field intensity F. The obtained curve (Figure 2) is in good 
agreement with their results i.e. for lower field values, e (or E)
1 1 2 r -  --------------------------------------------------
F (V/A)
Figure 2. Energy of virtual SS F curve
decreases with increasing F, then reaches minimum at about 3 
volt/A and alter passing the minimum, £ (orE) increases with F. 
Wc further sec that the relativistic SSE are in general higher 
than the NR ones.
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